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Fix; : (x = %) —
*

Fixo © (x = x — %) —
(x = * = %) —
*

Fixg : (x = x — % — x) —
(x = % = x = %) —
(x = % = x > %) —
*

Fix, : 7

How to generalize to arbitrary arities?
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Fix; : (x = %) —

Fixo : (x X x — %) X
(x X * = %) —

Fixg © (x X % X * — %) X

(x X * X x — %) X
(x X * X *x = %) —
*

Fix, : 7

How to generalize to arbitrary arities?

@ Uncurry
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d points

Fix; @ (#* — *)! — *
Fixo : (%2 — %)2 — *
FiX3

(2 = %3 — %

Fix,

2 ?

How to generalize to arbitrary arities?
® Uncurry — @ Simplify
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d points

Fix; @ (#* — *)! — *
Fixo : (%2 — %)2 — *
FiX3

(2 = %3 — %

Fixop @ (¥ = *)" — *

How to generalize to arbitrary arities?
® Uncurry — @ Simplify
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d points

Fixg 0 (1 = (1 — %) = %)) — *

Fixo : (2 = (2 = %) — %)) — =

Fixs : 3 = (3 = %) = %)) — *

Fix, - (n = ((n = %) = %)) — x

How to generalize to arbitrary arities?

@® Uncurry — @ Simplify — ® Index
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da vs. Haskell

| Fixo : (n = ((n = %) = %)) = =

Agda:

| Fix : (n : N) = (Finn = ((Finn — %) — %)) — =*
Haskell:

| Fix o (x = ((x = %) = %)) = =

where * is instantiated by a suitable index type.
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ding projection

Describes the complete family:
| Fixo : (n = ((n = %) = %)) = =
Projecting out one type:

IFixn:(n—>((n—>=«<)—>>|<))_>n_>>,<
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c ing projection

Describes the complete family:

| Fixo : (n = ((n = %) = %)) = =
Projecting out one type:
IFixn:(n—)((n—)*)—>>|<))_>n_>>,<
Agda:

Fix : (n : N) = (Finn — ((Finn — %) — %))

Haskell:

|Fix::(*—>((*—>*)—>*))_>*_>*

[} [ =

— Finn — x
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universe

module Base (n : N) where
Ix = Finn
[Faculty of Science
Universiteit Utrecht Information and Computing Sciences]

=] F = E E 9DQAC¢



e universe

module Base (n : N) where

Ix = Finn

data Code : Set; where

I Ix

K Set

_+_ : Code — Code

_%x_ : Code — Code

> Code — Ix
Universiteit Utrecht
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le universe

module Base (n : N) where
Ix = Finn
data Code : Set; where
I Ix — Code
K Set — Code
_+ : Code — Code — Code
~x_: Code — Code — Code
> Code — Ix — Code
[ ] : Code — (Ix — Set) — Ix — Set
[ 1x J()-=(x)
[ KA ] - —=A
[CG+ GIOy =[G yw[CGI()y
[CGx QI y =[GI 0O yx[CG]{ )y
[ Cex )y =x=y x[C Ty
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Generic map

[ ]: Code — (Ix — Set) — Ix — Set

[ 1x 1) -=(x)

[ KA ]| - —=A

[G+ Gy =[GIOys[CGI(L)y
[Cx Gy =[GIOyx[CG] {1y
[ CexT{)y =x= x[C 1 { Dy

map : {FG : Ix = Set} {y : Ix} — (C : Code) —
{x:Ix} 2 Fx = Gx) > [C]Fy = [C]Gy

map ( Ix )fy = fy

map ( K_ )fy =y

map (C; + Cp) f(inj1y1) = inj1 (map C; fy;)

map (C; + Co) f(inj2y2) = inj> (map Cs fya)

map (C1 x Co) f(y1,y2) = map Cy fyi,map G fys
map ( C > x ) f(=refl,ly) = =-refl map Cfy
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” bedding-projection

Lets group everything required to allow generic programming
for a family of types in a record:

record Fam : Set; where

field
FC : Code
() :Ix — Set
from : {x : Ix} = (x) = [FC] ( )x
to {x:Ix} = [FC]{( )x = (x)
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Embedding-projection

Lets group everything required to allow generic programming
for a family of types in a record:

record Fam : Set; where
field
FC : Code
() Ix — Set
from : {x : Ix} = (x) | K
to i {x:Ix} = [FC]{ )x — (

Boilerplate to write:

@® The Code for the family.
@ The interpretation function ().

® Conversion functions from and to.
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module AST where

Var : Set
Var = String

mutual

data Expr :

econst :
eadd
emu
evar
elet

data Decl :

Universiteit Utrecht

Set where
N

. Expr — Expr
. Expr — Expr

Var

. Decl — Expr

Set where
Var — Expr

. Decl — Decl

L L

1l

Expr
Expr
Expr
Expr
Expr

Decl
Decl

[m]

=
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Instantiating Fam — preliminaries

| open Base 3
A view is not necessary, but nice to have:

expr = zero
decl = suc zero
var = suc (suc zero)

data ViewAST : Ix — Set where
vexpr : ViewAST expr
vdecl : ViewAST decl

war : ViewAST var

viewAST : (n : IxX) — ViewAST n

viewAST zero = vexpr

viewAST (suc zero) = vdecl

viewAST (suc (suc zero)) = wvar

viewAST (suc (suc (suc ())))
& aculty of Science
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” antiating Fam — codes

ExprC : Code
ExprC = KN -- econst
+ lexpr x lexpr --eadd
+ lexpr x lexpr --emul
+ I var -- evar
+ ldecl x lexpr --elet
DeclC : Code
DeclC = lvar x lexpr - =
+ ldecl x lIdec - o
DeclC : Code
DeclC = K String
ASTC : Code
ASTC = ExprC > expr
+ DeclC > decl
+ DeclC > var
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antiating Fam — interpretation

AST( ) : Ix — Set
AST( x ) with viewAST x

AST(._) | vexpr = Expr
AST(._ ) | vdecl = Decl
AST(._ ) | war = Var
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Instantiating Fam — conversions

fromExpr : Expr — [ ExprC ] AST( ) expr

fromExpr (econsti ) = inj; i
fromExpr (eadd e; e2) = inj> (inj; (e1,e2))
fromExpr (emul e; e2) = inj> (inj> (injy (e1,e2)))
fromExpr (evar v ) = inj> (inj> (inj> (inj; v )

fromExpr (elet d e ) = injy (inj2 (injz (injx (d ,e ))))
fromDecl : Decl — [ DeclC ] AST( ) decl

fromDecl (v. :=e ) = inj; (v, e)

fromDecl (d; e dy) = inj, (dy,d>)

fromVar : Var — [ DeclC ] AST( ) var

fromVarv = v

fromAST : {x : Ix} — AST(x) — [ASTC] AST( ) x
fromAST {x} v with viewAST x

fromAST e | vexpr = inj; (=-refl, fromExpr e)
fromAST d | vdecl = inj (inj; (=-refl, fromDecl d))
fromAST v | war = inj (injo (=-refl, fromVar v))
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Instantiating Fam — conversions

toExpr : [ ExprC ] AST( ) expr — Expr

toExpr (inj; [ ) = econst i
toExpr (injz (injy (e1,€2))) = eadde; e
toExpr (inj2 (inj2 (inj; (e1,€2)))) = emule; e
toExpr (injz (injo (injz (inj1 v )))) = evarv

toExpr (injz (inj2 (inj2 (injo (d ,e ))))) = eletde
toDecl : [ DeclC ] AST( ) decl — Decl

toDecl (inj; (v ,e )) = v =e

toDecl (injz (d1,dz)) = d; e ds

toVar : [ DeclC ] AST( ) var — Var

toVarv = v

toAST : {x : Ix} — [ASTC]AST( )x — AST(x)
toAST (inj; (=-refl,e)) = toExpre
toAST (inj, (inj; (=-refl,d))) = toDecl d
toAST (inj (inj2 (=-refl,v))) = toVarv
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antiating Fam — finalization

AST : Fam
AST = record

{FC = ASTC

(L) = AST()

:from = fromAST

;to = toAST

}
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Generic fold — algebras

115

£

N

module Fold {n : N} (F : Base.Fam n) where

open Base n public
open Fam F

RawAlg : Code — (FG : Ix — Set) — Ix — Set
RawAlgCF Gy = [C]JFy — Gy

Alg : Code — (FG : Ix — Set) — Ix — Set
Alg( Ix )FGy =Fx = Gy

Ag( KA )FGy = A = Gy

Alg (C; + CGO)FGy = AlgC  FGy xAlgCG F Gy
Alg (C; x CG)FGy = AlgC; F(Alg G, FG)y
Alg( Cr> x )FGy = AlgCF Gx

RawAlgebra : (Ix — Set) — Set

RawAlgebra F = (x : Ix) — RawAlg FC F F x

Algebra © (Ix — Set) — Set
Algebra F=(x:1Ix) — Alg FCFFx
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Generic fold — relating algebras

RawAlg : Code — (F G : Ix — Set) — Ix — Set
RawAlgCF Gy = [C]Fy — Gy

Alg : Code — (FG : Ix — Set) — Ix — Set
Alg( Ix )FGy =Fx — Gy

Alg( KA )FGy = A - Gy

Alg (C; + CG)FGy = AlgC, FGy xAlgC FGy
Alg (C; x Co)FGy = AlgCy F(Alg Co FG)y
Alg( C>x )FGy = AlgCF Gx

apply : (C : Code) {FG : Ix = Set} {y : Ix} —
Alg CFGy — RawAlgCF Gy

apply ( Ix )a y =ay

apply ( K — )a y =ay

apply (C1 + C2) (a1,a2) (injry1) = apply Gy a1 1

apply (C1 + C2) (a1, a2) (inj2y2) = apply Co az yo

apply (C; x Cy) a (yi.y2) = apply Co (apply C; ay1) y2

apply ( C > x ) a (=-refl,y) = apply Cay
5&&“@ [Faculty of Science
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eric fold — the function

This unfortunately doesn't termination-check:
foldRaw : {y :
foldRaw alg x

Ix} {F : Ix — Set} —
RawAlgebra F — (y) — Fy

alg _ (map FC (foldRaw alg) (from x))

Universiteit Utrecht
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Generic fold — the function

This unfortunately doesn't termination-check:

foldRaw : {y : Ix} {F : Ix — Set} —
RawAlgebraF — (y) — Fy

foldRaw alg x = alg _ (map FC (foldRaw alg) (from x))

apply : (C : Code) {FG : Ix — Set} {y : Ix} —
AgCFGy — RawAlgCF Gy

fold {y  X}P{F : Ix = Set} —
Algebra F—-(y) = Fy

fold alg = foldRaw (A x — apply FC (alg x))
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eric fold — application

Instantiating the Fold module to AST:
open AST

module FoldExample where

open Fold AST
open Fam AST

Universiteit Utrecht
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Generic fold — application

N
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Value : Ix — Set

Value x with viewAST x

Value . | vexpr = Env — N

Value . | vdecl = Env — Env

Value . | war = Var

evalAlgebra : Algebra Value

evalAlgebra _ =
((\i env. — i ), --econst
(Arirpenv — rienv+renv ), --eadd
(Arirpenv — ryenv*rpenv ), --emul
Av env — env v ), --evar
(Af r env — r(fenv) ), --elet
(Av r env — insertv (renv)env), - =
(A fy f2 env — f5 (f1 env) ), — e
(A v — Vv )
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eric fold — call

eval : Expr — Value expr
eval = fold {expr} {Value} evalAlgebra

example : Expr

example = elet ("x" = emul (econst 6) (econst 9) e
"y" = eadd (evar "x") (econst 2))
(eadd (evar "y") (evar "x"))

testFold : eval example empty = 110
testFold = =-refl
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module Zipper {n : N} (F : Base.Fam n) where

open Base n public
open Fam F

Ctx : Code — Ix — Ix — Set

Ctx( Ix )yz =x=y

Ctx ( K_ )yz i

Ctx (C; + C)yz CtxCiyz WCtxCoyz
Ctx (C; x Cy)yz CtxCiyz x[C]{( )z

& |

[CG]()zxCtxCryz
Ctx( Cp>x)yz =x=zxCxCyz
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m contexts to locations
relation:

A path of contexts is the reflexive transitive closure of the Ctx
Rel :

Ctx : Code — Ix — Ix — Set
. Set — Set;

Rel A = A — A — Set

Universiteit Utrecht
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m contexts to locations
relation:

A path of contexts is the reflexive transitive closure of the Ctx
Ctx : Code — RellIx
Rel :

Set — Set;
Rel A = A — A — Set

Universiteit Utrecht
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m contexts to locations

A path of contexts is the reflexive transitive closure of the Ctx
relation:

Ctx : Code — Rellx

Rel : Set — Set;
Rel A = A — A — Set

Ctxs : Rel Ix
Ctxs = Star (Ctx FC)
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rom contexts to locations

A path of contexts is the reflexive transitive closure of the Ctx
relation:

Ctx : Code — Rellx
Rel : Set — Set;
Rel A = A — A — Set

Ctxs : Rel Ix
Ctxs = Star (Ctx FC)

A location is a pair of a value and a path:
E data Loc : Ix — Set where
i {xy :Ix} = (x) = Ctxsxy — Locy
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Filling a hole

Ctx : Code — Ix — Ix — Set

Ctx( Ix )yz=x=y

Ctx( K_ )yz i

Ctx (C; + CG)yz = CtxCGyz W CixCyz
Ctx (C; x C)yz CtxCiyz x[C]( )z
[Ci]( )zxCtxCryz
x=zxCtxCyz

& |

Ctx (C > x)yz

fill : (C : Code) {xy : Ix} —

CtxCxy = (x) = [C]()y
fill (- 1_- ) =-refl y =y
fil( K_ )() _
fill (C; + Cz) (inj1 cy1) Y1 injp (fill C; cy1 y1)
fill (C; + Cz) (inj2 cy2) y2 = inj2 (fill C5 cyz y2)
fill (C1 x Cz) (inj1 (cy1,y2)) y1 = fill Ci cy1 y1.y2
fill (C; x C3) (ini2 (y1.¢y2)) ¥2 y1. fill Co cyz y2
fill( C > _) (=refl, cy) y = =-refl fill Ccyy

&) [Faculty of Science
N § Universiteit Utrecht Information and Computing Sciences]

23 Y



igating up

open RawMonadPlus MaybeMonadPlus

Nav : Set

Nav = {x : Ix} — Loc x — Maybe (Loc x)
up : Nav

up (x, [1) =0

up (x,c 2 cs) = return (to (fill FC ¢ x), cs)
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Navigating down

first : {A : Set} (C : Code) {y : Ix} —
{x : Ix} = (x) - CtxCxy — A) —
[CI{ )y — Maybe A

first (I - )ky =

=

eturn (k y =-refl)

first ( K_ )k_ =0
first (C; + Co) k (injy y1) = first C; (\zcy1 — kz (inj; cy1) ) y1
first (C1 + C2) k (inja y2) = first Co (\z cy2a — k z (inj2 cy2) ) Y2

first (C1 x Co) k (y1,y2) = first G (\zcyr — kz (inj1 (cy1.y2))) v1
| first Co (\z cy2 — kz (inj2 (y1.¢cy2))) y2

first ( C > _ )k (=reflly) = first C (\zcy — kz(=refl,cy) )y

down : Nav

down (x,cs) = first FC (\zc — z, (c :: cs)) (from x)



Navigating right

next : {A : Set} (C : Code) {y :
{x :
{x :
next (| — )k =-refl y
next (  K_— )k() _

next (C; + Cp) k (inj1 cy1) Y1
next (C; + C2) k (inj2 cy2) y2
next (C; x Cs) k (inj1 (cy1,y2)) y1

next (C; x Cs) k (inj2 (y1,cy2)) y2
next ( C > _ )k (=-refl, cy) y
right : Nav

right (x, [] )
right (x, (c :: cs))

0
next FC (\z ¢

Ix} —

—

0

Ix} - (x) - CtxCxy — A) —
Ix} - CtxCxy — (x) — Maybe A

next C; (\z cy1
next Co (\z cyz
next C; (\z cy1
first Co (\z cy1
next Co (\z cy»
next C (\z cy’

z, (c

cs)) ¢ x

i
!’
!
!/
i

k z (inj1 cy1’) ) CY1 Y1
k z (inj2 cy2’) ) Y2 V2
k z (inj1 (cyi’ Y2 ))) ¢y1 y1
kz (inja (fill C1 cy1 y1,cy1’)))  ¥2
k z (inj2 (y1 cy2'))) cya y2
k z (=-refl, cy’) Yey vy
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Completing the navigation functions

The functions prev and left are similar to next and right.

enter : {x : Ix} = (x) — Locx
enter x = X, []

leave : {x : Ix} — Locx — (x)

leave (x, []) = X

leave (x, (c - cs)) = leave (to (fill FC ¢ x), cs)
update : ((x : Ix) — (x) — (x)) — Nav
update f (x,cs) = return (f _ x, cs)

on : {A:Set} - (x:Ix) = (x) = A —
{x : Ix} - Locx — A
onf(x,cs) = f_x
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ng the Zipper — preparations

module ZipperExample where

open AST

open Zipper AST

open Fam AST

open FoldExample

open RawMonadPlus MaybeMonadPlus
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Using the Zipper — test

source : Expr
source = elet ("x" := emul (econst 6) (econst 9))
(eadd (evar "x") (evar "y"))

callZipper : Maybe Expr
callZipper =
return (enter {expr} source) >=
down >= down >= right >= update simp >=
return o leave
where simp @ (n : IX) = (n) — (n)
simp n x with viewAST n

simp ._e | vexpr = econst (eval e empty)
simp._d | vdecl = d
simp._ v | war = v

target = elet ("x" := econst 54) (eadd (evar "x") (evar "y"))
testZipper : callZipper = just target
testZipper = =-refl
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